In-situ measurement of viscosity advances the field of rheology, and aides the development of sensing systems for condition and performance monitoring of lubricated mechanisms. Many lubricated mechanisms, such as journal bearings or seals, are characterised by three-layer interfaces; an oil separating two solid (usually metallic) bodies. The viscoelastic study of the lubricating oil in layered systems is possible in-situ by means of ultrasonic reflection (Schirru et al. (2015) ). General solutions exist for the reflection of longitudinal plane waves from multi-layered solid-fluid systems. Similar solutions can be applied to plane shear waves. The use of a quarter-wavelength intermediate matching layer improves the sensitivity of the ultrasonic measurement and overcomes problems of acoustic mismatch. This opens the possibility of using reflectance methods to measure engineering (metal-oil) bearing applications that are acoustically mismatched. In this paper, a rigorous mathematical model for wave propagation in a three-layer system is solved for the reflection coefficient modulus and validated using a quarter wavelength ultrasonic viscometer. The model was tested against experimental data for two Newtonian reference fluids, water and hexadecane, and for one non-Newtonian reference fluid, squalene plus polyisoprene (SQL + PIP), measured ultrasonically at frequencies between 5 and 15 MHz. The results are in agreement with the expected viscosity values for the reference fluids. Further, the viscosity measurement is not limited to the resonance frequency, but it is performed over a broad band frequency range. This is important to improve measurement confidence and accurate spectroscopy measurement for the determination of viscoelastic properties.
1. Background
Background on steady shear viscometers
The knowledge of liquid rheological properties, such as viscosity, is of critical importance in a variety of scientific and engineering applications ranging from lubrication of engineering systems, to biomedical fluid flows.
The first viscometers were the Ostwald and the glass capillary type [2] . These instruments measure the time taken by a liquid to flow through a certain capillary length to estimate viscosity [3] . The main drawback of these viscometers is that they measure viscosity at a single shear rate, determined by the capillary diameter, and therefore are suitable only for the analysis of Newtonian liquids.
Rotational viscometers, such as spindle type, were then developed to control the rate of shear and test also non-Newtonian liquids [4] . Conventional rotational viscometers operate in the range 0-1000 c/s (cycles per seconds). In industrial applications, such as the lubrication of machine elements, oils undergo shear rates of the order of 1-10 Mc/s due to high rotational speeds and small clearance gaps. At such high shear rates the viscosity changes massively [5, 6] . Conventional low shear rate viscometers are not suited for the analysis of lubricants under those conditions. Over time different ultra-high shear rotational viscometers have developed to recreate operating shear rates [7] , but it was only in the early 1990s that the first commercial ultra-high shear viscometer was introduced to the market [8] . This instrument was able to achieve 3 Mc/s and it soon became a standard instrument for the exsitu tests of engine oils [9] . Modern ultra-high shear viscometers can achieve up to 10 MC/s [10] , however they are limited to viscosity measurements below to 50 mPa s. Fig. 1 shows a typical shear rateviscosity curve for conventional engine oils, indicating the region of operation of various types of viscometer.
Background on ultrasonic viscometry
In the early 1950s Mason [11] noticed that the response of a fluid to an applied ultrasonic oscillation was dependent on liquid viscosity. Such oscillatory methods have distinct advantages because; they allow measurements of small quantity samples (less than a micro-litre) [12] or that are present in very thin layers, they substitute USV when shear heating is to be avoided [13] , and they can measure the shear rateviscosity curve on a wide range of excitation frequencies [14] , as shown in Fig. 1 . Ultrasonic viscometers typically operate at very high oscillatory frequencies (0.5-20 MHz) that are equivalent to high fluid shear rates [15] . This allows measurements over a wide range of shear rates and obtaining viscoelastic information about the liquids that are not measurable conventionally with other instruments. Further, they can operate over a wide range of temperature and measure a wider range of viscosities. Measuring the viscosity of liquids at MHz frequencies is therefore convenient for the analysis of liquids that undergo a severe regime of shear rates during operation.
Some common oscillatory viscometers include; the quartz crystal microbalance (QCM) [16] , piezoelectric resonators [17] , and shear impedance spectrometers [18] . All these systems are based on the same principle: the quality factor of a piezoelectric element is measured before and after a fluid load is applied, as:
where f n is the resonance frequency of the crystal. The change in the crystal resonance frequency is due to the presence of liquid and is correlated to the fluid viscoelastic properties. The quality factor is measured at harmonic resonance frequencies thus allowing the measurement of viscosity-frequency spectra [19] , commonly known as the viscosity flow curve. Shear spectroscopy is a powerful tool to determine viscoelastic, chemical and relaxation behaviour of fluid samples. Oscillatory viscometers are versatile tools to perform these measurements in a laboratory environment, but they find little application for in-situ engineering applications because piezo elements are easily damaged in harsh environments (e.g. high temperature, high pressures). Moreover, QCM are usually coated with a chemical reactive layer whose properties are critical for accurate measurement [20] , thus limiting in-situ applications.
Recently, a novel oscillatory viscometer based on a reflectance quarter wavelength ultrasonic methodology was developed to Fig. 1 . Shear rate -viscosity curve for a shear thinning engine oil. The typical measurement capabilities of oscillatory and steady shear viscometers are indicated.
Fig. 2.
Comparison between operating principle of (a) QCM and (b) reflectance matching layer viscometer. The ultrasonic shear vibration mode is highlighted in the two cases.
overcome these hardware limitations and allow operating in-situ in engine components [1] . In this oscillatory viscometer measurement is through a solid metal part, so the piezo-electric element is protected [21, 22] . The sensitivity of conventional reflectometry is enhanced by using a quarter wavelength non-reflective substrate, referred to here as a matching layer. Fig. 2 shows schematically the difference between the two oscillatory viscometer arrangements. Without the matching layer, the measurement would not be sensitive to the fluid properties due to acoustic mismatch between the delay line and liquid [23, 24] . The matching layer methodology has allowed in-situ measurement of viscosity of a lubricating oil in an operating journal bearing [25] . However, the correlation between reflection coefficient and viscosity was limited to a solution valid only at the resonance frequency of the matching layer.
In this paper, the correlation between rheological fluid properties and reflection coefficient is enhanced with a rigorous derivation of the relation between reflection coefficient and viscosity using a threelayered system wave propagation analytical model. There are various justifications for the derivation of this model. The first is that conventional models for reflection in multi-layered systems derive the complex reflection coefficient to calculate the modulus [26] . In this work, the reflection coefficient modulus is obtained experimentally and is used directly to derive the viscosity of the fluid sample. Therefore, conventional mathematical derivations are not suitable to solve this problem. Another reason is that commonly the quarter wavelength layer is the measurement target in optics [27] or in acoustics [28] . In this paper, the mechanical properties of the quarter wavelength layer are known and the viscosity of the fluid layer is the quantity to be measured, therefore a rearrangement of conventional equations is needed.
Theory
2.1. The quarter-wavelength matching layer method Fig. 3 shows a three-layered system made of a solid layer (a delay line), a quarter wavelength layer (a matching layer) and the liquid layer.
The matching layer viscometer is equivalent to a three-layered system where a thin dielectric layer is embedded between two semiinfinite dielectric media. The shear ultrasonic perturbation is generated and propagates in the solid semi-infinite medium and is incident to the embedded layer. The shear wave then propagates through the layer into the liquid interface. The shear wave propagates in the liquid layer for a distance called penetration depth before dissipating its energy completely. The penetration depth δ, is defined as [29] :
where η is the shear viscosity, ω is the rotational frequency and ρ l , is the fluid density.
Slip and no-slip boundary conditions
To solve the wave propagation problem, it is straightforward to set no-slip boundary conditions at the solid-matching layer interface. However, it is worth discussing boundary conditions at the matching layer-fluid interface in more details. No-slip boundary conditions for ultrasonic multi-layered system reflection are assumed after rigorous mathematical derivation by other researchers [30] for the operating conditions adopted in this work. An important parameter in defining slip at interfaces is the slip length, l, defined as the oscillatory length at which the relative velocity between the fluid and solid surface is nonzero. Huang and Szuflarska [31] defined the condition for the slip to be significant at an oscillatory surface to be:
Measurement of the slip friction coefficient and the slip length/velocity are difficult in practice. Researchers have quantified this parameter for reference fluids such as water, hexadecane and squalene on hydrophobic media [32] [33] [34] and found that the slip length ranges between 100 nm and a few µm. Table 1 shows the expected values of slip length for the test fluids, where the estimated slip length were calculated using equation (3) .
For the test condition used in this work (5 < f < 15 MHz) the minimum estimated penetration depth are 146 nm, 302 nm and 1.12 µm, respectively for water, hexadecane and squalane. The penetration depth is always greater than the slip length, thus fulfilling the requirement for no-slip conditions.
These results need to be interpreted with caution. The slip length, in fact, is a function of the hydrophobic characteristic of the solid surface, the surface roughness and the molecular structure of the fluid. Therefore, the previous table is only indicative and another way to validate no-slip conditions is required. Measuring the reflection coefficient at the solid-liquid interface as the excitation voltage changes is a way to quantify the linearity of the system response and therefore if the measurement is affected by slip.
The reflection coefficient was measured with voltages ranging between 1 V and 100 V and no change in the reflection coefficient was recorded regardless of the amplitude of the ultrasonic excitation. This linear behaviour is a characteristic of no-slip boundary conditions applicability [31] . If slip had occurred, the amplitude of the excitation signal would have produced a significant effect on the response from the fluid interface due to its non-linear nature. These considerations therefore, justify no-slip boundary conditions at all interfaces. Fig. 3 shows schematically the three-layered system that composes a matching layer viscometer. The equation that describes the total reflection in this system for no-slip boundary conditions is: 
The multi-layered model
where R is the complex reflection coefficient, z l , z m , z s are respectively the complex shear acoustic impedance of the fluid, the matching layer and the solid layer, k m is the wave number in the matching layer and t m is the thickness of the matching layer. Eq. (4) was derived by Brekhovskiki for a solid-solid-solid or liquid-liquid-liquid system in case of incident longitudinal and shear waves [27] . The same equation can be derived using the global matrix approach proposed by Knopoff [35] . Lowe [36] explains this method in detail. This equation is conventionally used with a compressional bulk wave propagating in the multi-layered medium. Eq. (4) has been used to measure the properties of the embedded quarter-wavelength layer [37] . In this work the aim is to validate this equation for a shear wave and to derive the liquid properties of the viscoelastic semi-infinite medium (z l ) given the experimentally measured reflection coefficient, R. The next step consists, therefore, in rewriting Eq. (4) in terms of the liquid acoustic impedance z l to derive the fluid viscoelastic properties. The process seems straightforward, but before proceeding the following considerations need to be taken:
R is complex in Eq. (4). The reflection coefficient measured experimentally is the modulus of the reflection coefficient. The derivation of real and imaginary part of the reflection depends on the accurate measurement of phase. Accurate measurement of shear reflection phase is difficult due to the sensitivity of this parameter to the measurement conditions. Therefore, it is convenient to write Eq. (4) in terms of the reflection coefficient modulus to obtain a direct correlation with fluid viscosity.
The shear acoustic impedance is a complex number defined as:
where ′ G is the shear storage modulus and ″ G is the shear loss modulus. These are correlated to viscosity as [38] :
where τ is the Maxwell relaxation time. In this work, two Newtonian reference samples and a Non-Newtonian reference sample are tested at high ultrasonic frequencies. For Newtonian samples and for NonNewtonian samples approaching the second Newtonian plateau (as shown in Fig. 1 ), [39] the product of the relaxation time and the rotational frequency approaches zero, therefore ′ ≪ ″ G G and approaches zero. It follows that:
therefore the acoustic impedance can be written as:
As a consequence, the acoustic impedance real and imaginary components have the same absolute value:
From Eq. (10) it follows that:
. Eq. (11) is obtained by applying an approximation that is valid for Newtonian liquids or for Non-Newtonian liquids approaching the second Newtonian plateau at very high ultrasonic frequencies (frequencies above 1 MHz). This is the case for the reference samples tested in this work. For non-Newtonian liquids (such as greases or formulated engine oils) the relaxation time becomes more important at lower ultrasonic frequencies, and the Newtonian approximation would not be sufficient. A viscoelastic approximation, for example a Maxwell model, for the shear acoustic impedance would need to be used for more accurate results [1] .
To obtain a direct correlation between the reflection coefficient modulus and the layered system parameters the following steps are necessary. Eq. (4) 
Now the equation is in the form:
where By multiplying numerator and denominator by the complex conjugate of the denominator, Eq. (13) is rearranged as:
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(17) Fig. 4 shows the theoretical plot of Eqs. (16) and (17) in case that the solid substrate is aluminium, the matching layer is polyimide with thickness 39.5 µm, and the liquid medium is water, characterised by the properties reported in table (1) . The plot shows that in correspondence of the resonance frequencies the reflection coefficient is minimum.
Eq. (17) is valid only at the resonance frequency, whereas Eq. (16) represents accurately the reflection in a three-layered system across all frequencies.
It is possible to solve Eq. (16) in terms of z l by squaring both sides of the equation. The result will have two roots. Here only the physically meaningful solution is reported. Eq. (18) is derived after a simple, but mathematically tedious, rearrangement of Eq. (16). Viscosity is then determined from Eq. (11):
In the next sections Eqs. (16), (18) and (19) are used to measure the reflection coefficient, acoustic impedance and viscosity of water, hexadecane and a reference non-Newtonian sample. The thickness of the block was not relevant for computational purposes, but was chosen to allow clear separation of reflected ultrasonic pulses. The transducers operated in pitch-catch mode. In each piezoelectric pair, one transducer produced the ultrasonic wave (transmitter, Px in Fig. 5 ) and the second one received the echo wave (receiver, Rx in Fig. 5 ). The pulser was excited by a sinusoidal chirp signal produced by an arbitrary waveform function generator. Once hit by the electric signal, the pulser vibrated, emitting an ultrasonic wave that propagated through the solid until incident on the solid-liquid interface where part of the wave was transmitted and part was reflected back. The liquid layer consisted of 1.5 mL of sample deposited on the matching layer interface. The reflected signal was received by the receiver sensor, recorded on an oscilloscope and Fig. 4 . Comparison between the explicit multilayer model and the simplification for the multilayer model for a three-layered system (aluminium-polyimide-water).
Apparatus
continuously analysed and stored in real time. In this work, a picoscope 5000 was used as both an arbitrary waveform generator, oscilloscope and receiver. This instrument was programmed to pulse at a repetition rate of 512 MHz. Details of the pulsing function are provided in the next section.
The matching material consists of polyimide (Kapton) strips of different thicknesses upon which the liquid sample was deposited, see Fig. 5b . The transducers were chosen to have a large bandwidth capable of providing the different resonance frequencies depending on the polyimide thickness, as described in the next section. Table 1 reports for the resonance frequency for each thickness of the polyimide layers. The thickness of the layer was calculated as a quarter of the wavelength in the matching material:
In Eq. (20), t m is the thickness of the matching material, λ m is the wavelength in the matching layer, defined as = λ m c f m where c m is the speed of sound in the matching layer and f is the operating frequency, and n is an odd resonance frequency integer (e.g. n = 1 indicates the first resonance frequency, n = 3 indicate the second resonance frequency and so on). As an example, if the transducer operating frequency is 4.5 MHz and the speed of sound in the Kapton is 850 m/s [40] , the optimum thickness for the matching layer is 47 µm, for first resonance n = 1. However, from Eq. (20), for n = 3 and a thickness of 47 µm the resonance frequency would be also 13.5 MHz, thus showing that a single matching layer can be used for multi-frequency applications. The matching layer thickness is then approximated to the closest commercially available coating thickness.
Signal processing and data analysis.
Fig . 6 shows the experimental procedure to obtain the reflection coefficient.
The reflection coefficient is derived experimentally by dividing the frequency component of the signal reflected normally from the solidliquid interface (A m ) by a reference signal obtained from the solid-air interface (A r ), before the sample is placed on the viscometer surface.
The pulsing signal employed was a chirp. The chirp is a modulated signal that covers a wide range of frequencies, thus helping identifying precisely the resonance frequencies. In this work, a 100 cycle 3 MHz to 16 MHz sinusoidal chirp was chosen. The large frequency bandwidth was chosen to excite the resonance frequencies of the selected matching layers (as shown in Table 2 ).
In previous published work [23] only the resonance at quarter wavelength was of interest, and this led the authors to use single frequency bursts or continuous sine waves as excitation pulses. In the present work, it is preferable to excite as wide a bandwidth as possible, so that the matching layer resonance frequencies are excited, as shown in Fig. 4 . This also allows continuous viscosity measurements over a frequency range and not at a single resonance point.
A high number of cycles was chosen to separate each frequency component in the signal envelope in order to apply correctly the frequency transform. A low number of cycles would not have allowed a full separation of the various frequency components in the signal envelop, thus resulting in a lower measurement sensitivity at the critical frequency components around matching layer resonance. However, a high number of cycles can lead to unwanted reflections and generation of spurious wave modes. The length of the chirp used was selected to avoid superposition of other reflections and only the shear component of the reflected wave was analysed. Further, only the wave components corresponding to the resonance frequencies are in phase within the matching layers and interact with the liquid sample. The rest of the waveform is out of phase and is fully reflected (R = 1) at the matching layer. Fig. 7 shows an example of the measurement amplitude and reference signals for a hexadecane sample.
The time domain signals were converted to the frequency domain using a space time frequency transform (STFT) Hanning algorithm, as shown in Fig. 8 . The STFT is preferred over a more conventional Fourier transform because the nature of the chirp is non-stationary and nonlinear, therefore it makes sense from a physical perspective to analyse chirps using an algorithm that allows differentiating the instantaneous signal frequency component.
From Fig. 7 , it can be seen that the acquired signal has a short duration, but contains a wide frequency range, therefore care needs to be taken to choose optimal STFT windowing. Windowing is an essential part of the STFT analysis because it determines temporal and frequency resolution of the spectrogram. The main parameters for windowing are the window size, W and the temporal resolution. Window size was chosen as:
where T is the average time domain cycle period, f s is the sampling frequency, f 0 is the minimum detectable frequency using the STFT algorithm. For the case under study the cycle duration is chosen as the average cycle duration throughout the chirp and is approximately 0.5 µs and the sampling frequency is 0.5 GHz. Therefore, a window of 2560 points was chosen and the minimum detectable frequency was around 200 kHz. These windowing parameters guaranteed a good trade-off between computability and spectrogram resolution, as shown in the results section.
Another important parameter is the number of overlapping segments chosen for the STFT. STFT algorithms, in fact, perform the fast Fourier transform (FFT) for a number of segments in the signal and then recombine each FFTs performed at various time segments to obtain the spectrogram. Conventionally, the number of segments is chosen as W − 1.
Further, windowing can be performed with different algorithms. In this work, Hanning window was chosen because this algorithm is conventionally used for the analysis of ultrasonic frequency modulated signals [41] and this algorithm guarantees low aliasing in good trade off with the STFT resolution. Fig. 9a shows the amplitude of the reflection coefficient obtained by dividing the STFT of the measurement A m by the STFT of the reference A r . Fig. 9b shows a section of that data extracted over the central contour section (the dashed line in Fig. 6b) . This is the reflection coefficient spectrum used for for the viscosity calculation in equation (18) . It can be seen that the resolution chosen for the STFT allows identifying the minimum reflection coefficient at the resonance frequency with a resolution of approximately 100 kHz, which is sufficient to reconstruct the reflection coefficient-frequency characteristic curve.
Samples tested
Water and hexadecane were selected as Newtonian test samples. These are suitable reference samples because their viscosity-frequency characteristic has been extensively studied using oscillatory viscometers [42, 43] and it has been shown that, at room temperature, viscosity is constant in the frequency range of interest in this study. For instance, water only shows shear thinning and a second Newtonian plateau at terahertz frequencies. Studying Newtonian samples for this paper is of importance because it allows an accurate theoretical measurement of the reflection coefficient-frequency characteristic and the frequency dependent acoustic impedance.
One reference non-Newtonian sample, a mixture of squalane and polyisoprene, was also studied. This particular blend was chosen because it has been fully characterised in previous experimental work using both steady shear and oscillatory methods [44] . Table 3 reports the viscosity data at low oscillatory frequency for the test samples. The measured reflection coefficient data are in close agreement with that obtained using equation (10) . Further, the measurement error, indicated graphically with error bars, decreases drastically around resonance (from 5% to 0.5% average). The frequencies where the measurement error decreases are the ideal frequencies for a measurement of acoustic impedance and, therefore, viscosity. The best agreement is obtained for the resonance around 9 MHz (obtained from the 25 µm matching layer). This is not surprising given that the centre frequency of the piezo element is at 10 MHz. The measurement error is higher at the resonance frequencies of 4.5 and 13.5 MHz (obtained from the 45 µm matching layer) because these measurements are performed at the edge of the sensor bandwidth capability.
Results

Reflection coefficient modulus
Viscosity measurement
The shear acoustic impedance was determined using Eq. (18) with the reflection coefficients shown in Fig. 10 as input. Fig. 11 shows the results for each test sample.
As with the resonance frequencies, there is good agreement between the measured acoustic impedance and the predicted values. Any error in the measurement of the reflection coefficient modulus is enhanced to the power of two in the measurement of the impedance, using equation (19) , therefore it is necessary to filter appropriately the reflection coefficients from any noise components to obtain an accurate measurement of the viscoelastic properties.
The acoustic impedance is then converted into viscosity using Eq. (19) . Fig. 12 shows the viscosity spectra for each of the samples tested. Fig. 13 shows a close up of the viscosity spectrum of SQL + PIP to highlight that the ultrasonic results follow the non-Newtonian characteristic of this sample.
It can be seen that the measurements agree at the resonance frequency and for a frequency band around it. The low error frequency bandwidth varies from 0.5 to 2 MHz. The advantages of this method are of course not obvious for a Newtonian fluid, for which a single point measurement will suffice. However, it becomes more useful for nonNewtonian fluids, where detailed knowledge of the viscosity flow curve can be used to measure rheological parameters of interest for the tested sample. In this paper, the Newtonian samples have been tested to prove the correctness of the mathematical model and the best way for it to be applied using ultrasonic reflectance. conventional quarter wavelength approximation that uses Eq. (17) to calculate the reflection coefficient (red square markers). The spectroscopy algorithm results provide an accuracy within the 5% from the literature data over a wide range of frequencies in comparison to the quarter wavelength approximation, thus providing a higher confidence in the ultrasonic viscosity measurement. Finally, the error is larger for water and hexadecane. This is because the reflection coefficient is closer to unit. In fact, the acquisition instrumentation introduces a measurement uncertainty that contributes significantly to the measurement error of very low viscosity liquids [25] .
Conclusion
This paper introduces an alternative ultrasonic reflectance method to measure viscosity flow curves over a wide range of frequencies using a solid-liquid interface with on interposed quarter-wavelength matching layer. The model was tested on two Newtonian and one nonNewtonian reference liquid with viscosities ranging from 1 to 140 mPa s. The conclusions of this work are as follows:
-With this new post-processing method, the acquired ultrasonic signals do not have to be processed in the form of complex reflection coefficient, with advantages deriving from avoiding the measurement of the reflection coefficient phase. -The model was used to determine the shear acoustic impedance and viscosity of reference Newtonian fluids water and hexadecane. The measurements were in agreement with the expected results not only at the matching layer resonance frequency, but also in a frequency range around resonance. The minimum measurement error was obtained at frequencies close to the operating centre frequency of the piezo element. Thus, the sensitivity of the method is enhanced by selecting the ultrasonic piezo element on the basis of the matching layer resonance. -The measurements showed that not all of the reflection coefficient resonance frequency band can be used for accurate viscosity measurement. Although the measured reflection coefficient is in agreement with the proposed model, a very small variation from the theoretical value leads to high inaccuracy in the viscosity measurement due to the exponential dependence of viscosity on the reflection coefficient modulus. -The viscosity measurement of the non-Newtonian sample was in agreement with expected reference data [44] and modelling. Measuring non-Newtonian viscosity accurately across a range of frequencies is particularly important for in-situ engineering applications. For example, the changes in viscoelastic properties of an engine lubricating oil can be related to the oil degradation mechanisms.
Finally, this type of viscosity measurement is in-line with industrial requirements. The minimum amount of liquid required for a measurement is only a few µL to cover the ultrasonic sensing area and the penetration depth thickness. This will make possible in-situ measurements in a variety of industrial processes and possible microfluidic applications.
